A subgraph H of a graph G is said to be convex if for every pair of vertices in H, any u-v geodesic in G lies entirely in H. We define the convex subgraph polynomial of G as the genereting function of the
Introduction
Let G be a connected graph. For two vertices u and v in G, I G [u, v] is the set of all vertices lying in any u-v geodesic in G. A subset S of V (G) is convex if for every two vertices u, v ∈ S, the vertex set of every u-v geodesic is contained in S. The convexity number of G, denoted by con (G) , is the maximum cardinality of a proper convex set in G. That is,
con(G) = max{|S| : S is convex in G and S = V (G)}.
A connected graph G is polyconvex if for every integer i with 1 ≤ i ≤ con(G), there exists a convex subset of V (G) of cardinality i.
A convex subgraph of G is a subgraph of G induced by a convex subset of V (G). Note that the null graph and the graph G itself are convex. For each i ∈ {0, 1, 2, . . . , |V (G)|}, let c i (G) be the number of convex subgraphs of G of order i. The convex subgraph polynomial (CSP) of G in indeterminate x, denoted by C (G, x) , is the generating function of the sequence c i (G)
Since the largest value of i for which c i (G) = 0 is |V (G)| we can write this
Graph polynomials had been extensively studied because of its wide range of applications in chemistry [1] . Several graph polynomials are defined in order to represent a graph. These polynomials are invariants of graphs (i.e. functions of graphs that are invariant with respect to graph isomorphism). Important examples of graph polynomials are matching polynomial [12] , clique polynomial [10] and vertex cover polynomial [8] .
In this paper, we focus our interest on the convex subgraph polynomials.
Preliminary Results
In this section, we give some properties of the convex subgraph polynomials.
Since the empty set is convex, the constant term of the convex subgraph polynomial is 1. Also, every singleton subset of V (G) is convex. Hence, the coefficient of x in the convex subgraph polynomial representation of G is exactly equal to n. Moreover, a doubleton subset is convex if and only if it induces a K 2 . Hence, c 2 (G) is the size of G. Furthermore, the graph G itself is convex. Hence, if G is of order n, then the coefficient of x n is exactly equal to 1. Formally, we have the following result.
Theorem 2.1 Let G be a connected graph of order n and size m. Then
The above result tells us that the polynomial we are considering is monic. It is also clear that c k (G) = 0 for every k with con(G) < k < n. Note that every subgraph of K n is convex. Hence, the following is immediate.
Theorem 2.2 For every n ∈ N, there exists a polyconvex graph of order n.
Since in a graph of order n,the number of subgraphs of order i where i = 0, 1, . . . , n is n i , the coefficient of x i is less than or equal to n i
. Formally, we have the following result.
The above result is very useful in characterizing polynomials
The bounds in Theorem 2.3 are sharp. Indeed, we have the following result.
Theorem 2.4 For each
Meanwhile, consider the following lemma on the characterization of convex subgraphs of a path P n .
Lemma 2.5 [13]
A proper subgraph H of P n is convex in P n if and only if H = P r for some r < n.
The above lemma guides as in counting the number of convex subgraphs of P n . Note also that P n is polyconvex with convexity number equal to n − 1. Hence, for every i, c i (P n ) = 0.
The next theorem gives the explicit form of the CSP of P n .
Theorem 2.6 For each
and
Proof : By Lemma 2.5, the convex subgraphs of P n are paths. Now, for i ∈ {1, 2, . . . , n}, the number of path
The case when x = 1 is clear. For x = 1,
Thus,
In effect,
We will use the following result to establish the CSP of the star K 1,n .
Lemma 2.7 [13]
A nontrivial proper subgraph H of K 1,n is convex in K 1,n if and only if H = K 1,r for some r < n.
The above lemma states that a nontrivial proper subgraph of a star is also a star of order less than n + 1.
Theorem 2.8 For each
Proof : Write K 1,n = K 1 + K n . Now, Lemma 2.7 asserts that for each i ∈ {2, 3, . . . , n, n + 1}, c i (K 1,n ) is the number of ways to choose i − 1 vertices of K n and this is given by
. Thus,
The following lemma is useful in counting the number of convex subgraphs of the complete bipartite graph K m,n .
Lemma 2.9 [13]
The above result asserts that c i (K m,n ) = 0 for 2 < i < m + n. Hence, the following result follows immediately.
Theorem 2.10 Let
m, n ≥ 2. Then C(K m,n , x) = 1 + (m + n)x + mnx 2 + x m+n .
Zeros of CSP
The following lemma gives bounds for the zeros of a polynomial.
then all zeros of f n are contained in the annulus α ≤ |z| ≤ β.
The bounds for the zeros of the CSP of P n is given in the following theorem. Proof : Using the CSP of P n in Theorem 2.6, we have
The result follows from Lemma 3.1.
The next result establishes the sum and the product of the zeros of the convex subgraph polynomial of a graph. 
By the Fundamental Theorem of Algebra, C(G, x) has exactly n zeros in C counting multiplicities, say, r 1 , r 2 , . . . , r n . Now, we can rewrite C(G, x) as the product of n factors as follows:
C(G, x) = (x − r 1 )(x − r 2 ) · · · (x − r n ). On the other hand, the constant term in the product is (−1) n (r 1 r 2 · · · r n ). Thus, (−1) n (r 1 r 2 · · · r n ) = 1 since the constant term of C(G, x) is 1. Hence, r 1 r 2 · · · r n = (−1)
n .
The following follows immediately from Theorem 2.10 and Theorem 3.3. 
